We prove that there are permutation classes (hereditary properties of permutations) of every growth rate (Stanley-Wilf limit) at least λ 2.48187, the unique real root of x 
INTRODUCTION
The permutation π of length n contains the permutation σ of length k, written σ π, if π has a subsequence of length k in the same relative order as σ. For example, π 391867452 (written in list, or one-line notation) contains σ 51342, as can be seen by considering the subsequence 91672 ( πÔ2Õ, πÔ3Õ, πÔ5Õ, πÔ6Õ, πÔ9Õ). We further say that π properly contains σ if σ π and σ π. A permutation class is a downset (or hereditary property) of permutations under this order; thus if C is a permutation class, π È C, and σ π then σ È C.
We denote by C n the set of permutations in C of length n. The Marcus-Tardos Theorem [10] (formerly the Stanley-Wilf Conjecture) states that all permutation classes other than the class of all permutations grow at at most exponential speed, i.e., that these classes have finite upper growth rates, grÔCÕ lim sup n n C n .
When lim n n C n exists, which it does for all classes in this paper, we call it the growth rate of C and denote it by grÔCÕ.
Although vast amounts of research had considered the growth rates of principally based permutation classes, i.e., those defined by not containing a single permutation, Kaiser and Klazar [8] were the first to study growth rates of permutation classes in full generality.
They showed that permutation classes of growth rate less than 2 satisfy one of the following:
• C n is polynomial for large n, or
• F n,k C n n c F n,k holds for integers c 0 and k 2, where F n,k denotes the k-generalized Fibonacci numbers defined by F n,k F n¡1,k F n¡2,k ¤ ¤ ¤ F n¡k,k .
It follows that the growth rates of permutation classes less than 2 are precisely the positive roots of x k 1 ¡ x k ¡ ¤ ¤ ¤ ¡ x 2 ¡ 1 for some k.
Vatter [11] then showed that there are only countably many permutation classes of growth rate less than κ, the unique real root of x 3 ¡ 2x 2 ¡ 1, approximately 2.20557, while there are uncountably many permutation classes of growth rate κ. That work also characterizes the possible growth rates between 2 and κ, which are roots of one of the following four families of polynomials
for integers k, ℓ 0. Note that the set of these growth rates contains no accumulation points from above, but does contain countably many accumulation points from below, and these accumulation points themselves accumulate at κ.
Results such as these have also been proved for a variety of combinatorial structures, for surveys of which we refer to Bollobás [6] and Klazar [9] . In particular, Balogh, Bollobás, and Morris [5] extended Kaiser and Klazar's work to the more general setting of ordered graphs 1 and conjectured both that the set of growth rates of ordered graphs contains no accumulation points from above, and that all such growth rates are integers or algebraic irrationals. These conjectures were disproved by Albert and Linton [3] , who showed that the set of growth rates of permutation classes contains a perfect set (a set equal to its accumulation points, e.g., the middle thirds Cantor set). Albert and Linton also conjectured that there is some λ such that every real number at least λ is the growth rate of a permutation class. Our main theorem, below, resolves this conjecture. 1 Let G and H be graphs on Ø1, . . . , nÙ and Ø1, . . . , kÙ, respectively. We say that H is an ordered subgraph of G if there is an increasing injection f : Ø1, . . . , kÙ Ø1, . . . , nÙ such that i H j if and only if f ÔiÕ G f ÔjÕ. For any permutation π of length n we can construct the ordered graph Gπ on the vertex set Ø1, . . . , nÙ by taking i Gπ j for i j if and only if πÔiÕ πÔjÕ. It follows that Gπ contains Gσ as an ordered subgraph if and only if σ π, so every permutation class can be viewed as a hereditary property of ordered graphs. Thus in particular, the set of growth rates of permutation classes is contained in the set of growth rates of hereditary properties of ordered graphs. The converse, however, is not true. For example, Balogh, Bollobás, and Morris [5] show that the largest real root of
03166, is the growth rate of a hereditary property of ordered graphs (they conjecture that it is the smallest such growth rate above 2), but the results of Vatter [11] show that this number is not the growth rate of a permutation class. Several remarkable phenomenon occur in the interval Öκ, λ×: the first accumulation point from above, the appearance of the first perfect set, and the appearance of the first interval. We have expended considerable effort optimizing λ, which we conjecture is best possible: Conjecture 1.4. The set of growth rates of permutation classes below λ is nowhere dense.
SUMS OF PERMUTATIONS AND SERIES
Given two permutations π and σ of respective lengths n and k, their direct sum (or simply sum), π σ, is the permutation of length n k which consists of π followed by a shifted copy of σ:
Ôπ σÕÔiÕ πÔiÕ for i n, σÔi ¡ nÕ n for n 1 i n k. A class C is said to be sum closed if π σ È C whenever π, σ È C. The classes we use to prove Theorem 1.1 are all sum closed and so we begin by recalling a few simple facts about these classes.
A permutation is said to be sum indecomposable (or connected or simply indecomposable) if it cannot be written as the direct sum of two shorter permutations. Note that every permutation has a unique representation as a sum of sum indecomposable permutations. Proposition 2.1. For all n 1, let s n denote the number of sum indecomposable permutations in the sum closed class C. Then the generating function for C is 1ß Ô1 ¡ s n x n Õ.
Proof. The permutations in C are in bijection with sequences of nonempty sum indecomposable permutations in C. Thus the generating function for C is 1
Since the classes we use to prove the main result are sum closed, Proposition 2.1 shows that we may limit our attention to series of the form 1ß Ô1 ¡ s n x n Õ, thinking of Ôs n Õ as the sequence enumerating sum indecomposables in a sum closed permutation class. The remainder of this section is devoted to studying generating functions of this form, and our main result, Proposition 2.4, provides conditions on when the growth rates of a collection of sum closed permutation classes form an interval. In the following section, we construct sum closed classes whose sequences of sum indecomposable elements satisfy the hypotheses of this proposition, thereby proving Theorem 1.1.
First we extend the notion of growth rates to generating functions, by defining gr ¡ ô a n x n © lim sup n n a n and gr ¡ ô a n x n © lim n n a n , when this limit exists (which we will always be the case for the series we consider). First recall the following fact.
Pringsheim's Theorem (see Flajolet and Sedgewick [7, Section IV.3]).
For any sequence Ôa n Õ of nonnegative numbers, the upper growth rate of a n x n is equal to the reciprocal of its smallest positive pole.
Our next two propositions can be found (in slightly different forms) in Albert and Linton's work [3] . Proposition 2.2. For any sequence Ôs n Õ n 1 of bounded positive integers, the growth rate of 1ßÔ1 ¡ s n x n Õ exists and is equal to the unique positive solution of s n x ¡n 1.
Proof. First we prove that the limit exists. Consider an alphabet A containing, for each n, s n letters of weight x n . Then the generating function counting words over A by weight is 1ßÔ1 ¡ s n x n Õ; suppose that this is equal to a n x n . The concatenation operation gives an injection from pairs of words of weight m and n to words of weight m n, proving that a m n a m a n . Because s 1 1, we have that a n 1 for all n, so log a n exists for all n and is superadditive. Fekete's lemma then implies that lim n n a n e lim log anßn e sup log anßn .
(This part of the proof is essentially due to Arratia [4] .)
Now let ψ denote the growth rate of 1ß Ô1 ¡ s n x n Õ. By Pringsheim's Theorem ψ is the reciprocal of the smallest positive pole of this series, and because Ôs n Õ is bounded, the radius of convergence of s n x n is 1. Thus the smallest pole of 1ßÔ1 ¡ s n x n Õ is the least positive solution of s n x n 1, making ψ the greatest positive solution of s n x ¡n 1. Finally, note that s n x ¡n is decreasing for positive x, so ψ is actually the unique positive solution of s n x ¡n 1.
In particular, since 
By Proposition 2.2, we see that terms. Thus we have in particular that ρ ¡1 ¡ ψ ¡1 ǫßÔc 1Õ 2 , implying that ψ ¡ ρ ǫρψßÔc 1Õ 2 ǫ, as desired.
Our next result shows how to construct intervals of growth rates given sufficient flexibility in sum indecomposable sequences. In it we write Ôr n Õ Ôt n Õ if Ôr n Õ is dominated by Ôt n Õ, i.e., if r n t n for all n 1.
Proposition 2.4. Let Ôr n Õ Ôt n Õ be bounded sequences of positive integers such that t n r n for all n k and t n ¡ r n b ¡ 1 for all n k (for some k). Then every real number between • gr Ô1ß Ô1 ¡ r n x n ÕÕ and • minØb, gr Ô1ß Ô1 ¡ t n x n ÕÕÙ is equal to gr Ô1ß Ô1 ¡ s n x n ÕÕ for some sequence Ôs n Õ of positive integers satisfying Ôr n Õ Ôs n Õ Ôt n Õ.
Proof. Let ρ gr Ô1ß Ô1 ¡ r n x n ÕÕ, τ gr Ô1ß Ô1 ¡ t n x n ÕÕ, and choose γ between ρ and minØb, τ Ù.
For each n choose s n to be the greatest integer between r n and t n such that the growth rate of 1
is at most γ. If follows that ψ gr Ô1ß Ô1 ¡ s n x n ÕÕ γ; we seek to prove that it is precisely γ. Suppose to the contrary that this does not hold, so ψ γ ¡ ǫ for some ǫ 0. By Proposition 2.3, there is an m such that § § § § gr
so by our choice of Ôs n Õ, s n t n for all sufficiently large n. If s n t n for all n then we have a contradiction, as γ ψ τ . Thus we may choose m k minimal so that s n t n for all so the growth rate of
is less than γ, contradicting our choice of s k and completing the proof.
We conclude this section by noting that perfect sets of growth rates can be constructed with much weaker hypotheses: Proposition 2.5. Let Ôr n Õ Ôt n Õ be bounded sequences of positive integers such that r n t n for infinitely many values of n. Then the set S of growth rates of series of the form 1ß Ô1 ¡ s n x n Õ for sequences Ôs n Õ of positive integers satisfying Ôr n Õ Ôs n Õ Ôt n Õ is perfect.
Proof. We need to prove that the set of accumulation points of S is precisely S. That every point of S is an accumulation point follows from Proposition 2.3 and our hypothesis that r n t n infinitely often. 
PROOF OF THE MAIN THEOREM
In order to prove that the set of growth rates of permutation classes contains an interval, and to eventually prove Theorem 1.1, Proposition 2.4 shows that we need to construct classes with a wide range of sequences of sum indecomposable permutations. To do so, we exhibit infinite antichains of sum indecomposable permutations (in other words, infinite sets of sum indecomposable permutations such that none is contained in another). It follows that a class can contain any subset of these antichains, giving the flexibility we desire. In order to introduce these antichains we need more terminology.
An interval of the permutation π is a set of contiguous indices I Öa, b× such that the set of values πÔIÕ ØπÔiÕ : i È IÙ is also contiguous. Every permutation of length n has intervals of length 0, 1, and n, and permutations with no other intervals are called simple. Given a permutation σ È S m and nonempty permutations α 1 , . . . , α m , the inflation of σ by α 1 , . . . , α m , denoted σÖα 1 , . . . , α m ×, is the permutation obtained by replacing each entry σÔiÕ of σ with an interval that is in the same relative order as α i . For example, 3142Ö132, 21, 1, 123× 687 21 9 345 (see Figure 1) , while π σ 12Öπ, σ× for all π and σ. A simple permutation is therefore a permutation that cannot be expressed as the inflation of a shorter permutation of length greater than 1, and conversely, A plot is shown in Figure 1 . We further define an increasing oscillation to be any simple permutation that is contained in the increasing oscillating sequence.
We are now ready to describe the infinite antichains of sum indecomposable permutations that we use. For each even k 4, let σ k denote the increasing oscillation in the same relative order as the first k entries of the increasing oscillating sequence, while for each odd k 5 let σ k denote the increasing oscillation in the same relative order as the least k entries of this sequence. The elements of the antichain U α,β are formed by inflating the least entry of σ k by α and the greatest entry by β when k is even, and when k is odd, inflating the least entry of σ k by α and the rightmost entry by β. Figure 2 shows two examples. We begin by observing that these are indeed antichains: Proof. The proposition follows easily when translated to the equivalent fact about ordered graphs, as defined in Footnote 1. Suppose that U α,β failed to be an antichain. Then there is a comparison between two of the ordered graphs corresponding to the members of U α,β , and thus a comparison between the unordered versions of these graphs. These unordered graphs, depicted in Figure 3 , clearly form an antichain. Similar reasoning, but using the ordered versions of these graphs, shows that U α,β U α ½ ,β ½ is an antichain whenever α and α ½ are incomparable or β and β ½ are incomparable.
We are now ready to establish our first interval of growth rates. Proof. Let A U 12,12 U 21,12 . It follows from Proposition 3.2 that A is an antichain, and it is clear from inspection that A contains precisely two sum indecomposable permutations of each length n 5. We now need to enumerate the sum indecomposable permutations which are properly contained in A. For this observe that removing any point from the "middle" of a U antichain member results in a sum decomposable permutation. Thus the sum indecomposable permutations properly contained in A are all obtained by removing points at the ends. For n 6 these split into six chains, each containing one element of each length, see Figure 4 for the n 8 case. The six chains can roughly be described as: the "beginnings" of U 12,12 and U 21,12 (there are two such chains), the "endings" of U 12,12 and U 21,12 (there are two such chains), and two increasing oscillations.
The smaller cases can be checked by hand, and thus the set of sum indecomposable permutations properly contained in A is counted by the sequence Ôr n Õ permutations of length at most 7, which gives (as in the previous two cases) that every real number between 3.41035 and 3.79450 λ 1 is the growth rate of a permutation class.
Before proving our main theorem, we need one more notion. Given two permutation classes C and D, their horizontal juxtaposition, C D , consists of all permutations π that can be written as a concatenation στ where σ is in the same relative order as a permutation in C and τ is in the same relative order as a permutation in D. Proofs of the following proposition can be found in numerous places, e.g., Albert [1] . shows that gr C AvÔ21Õ ¨ grÔCÕ 1, so the set of growth rates of permutation classes also contains the intervals Öλ 1, λ 2×, Öλ 2, λ 3×, and so on.
THE LEAST ACCUMULATION POINT FROM ABOVE
As discussed in the first section, the growth rates between κ and λ remain a mystery. One of the things that would be nice to pin down is the appearance of the first accumulation point from above. Our antichains and Proposition 2.5 give a bound on this, improving on the bound given by Albert and Linton [3] : 
